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Abstract—In this paper, we investigate the performance in
terms of symbol error probability (SEP) of multiple-input-multiple-output (MIMO) systems with high spectral efficiency. In
-PSK signals
particular, we consider the coherent detection of
in a flat Rayleigh-fading environment. We focus on spectrally
efficient MIMO systems where, after serial-to-parallel conversion,
several substreams of symbols are simultaneously transmitted by
using an antenna array, thereby increasing the spectral efficiency.
The reception is based on linear minimum mean-square-error
(MMSE) combining, eventually followed by successive interference cancellation. Exact and approximate expressions are derived
for an arbitrary number of transmitting and receiving antenna
elements. Simulation results confirm the validity of our analytical
methodology.
Index Terms—Error propagation, minimum mean-square-error
(MMSE) methods, multiple-input-multiple-output (MIMO) systems, Rayleigh channels, successive interference cancellation.

I. INTRODUCTION

O

VER the last several decades, multiple antennas have
been used to combat fast fading. The increase in diversity
order provided by diversity techniques enable robust communications in a fading environment [1], [2]. More recently,
it has been recognized that the capacity of wireless communication links is increased by using multiple antennas both
at the transmitter and the receiver [3], [4]. Toward achieving
these capacities, a promising transmission system, called Diagonal-Bell Laboratories Layered Space-Time (D-BLAST), has
been proposed in [3]. This scheme is able to provide a high
spectral efficiency in a rich and quasi-static scattering environment. Owing to the large computational complexity required
for this scheme, a simplified version, called Vertical BLAST
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(V-BLAST) has been proposed in [5]. A BLAST scheme is
primarily based on the following three steps: 1) interference
nulling to reduce the effect of the other (interfering) signals on
the desired one; 2) ordering to select the substream with the
largest signal-to-noise ratio (SNR); and 3) successive interference cancellation (SIC). Moreover, it was observed also in [3]
that a minimum mean-square-error (MMSE) criterion can be
used instead of interference nulling (zero forcing) to mitigate
both interference and thermal noise.
In the literature, some papers (see, for example, [4], [6]–[9])
propose an analytical evaluation of the capacity of MIMO
systems; some others address simulation of MIMO systems
in frequency flat or selective fading channels [10]–[12], while
[13], [14] investigate the capability of V-BLAST systems
with maximum likelihood detection to reduce interference and
thermal noise contributions. In this paper, we investigate the
performance of multiple-input-multiple-output (MIMO) systems with high spectral efficiency. In particular, we consider the
symbol error probability (SEP) for coherent detection of -ary
phase shift keying (PSK) signals in a flat Rayleigh-fading
environment.
We start from the analytical framework developed in [15] and
[16] for optimum combining (OC) of signals in multiantenna
systems in the presence of co-channel interferers and thermal
noise. This framework enables us to investigate the performance
of MIMO-MMSE systems in a flat Rayleigh-fading environment. We generalize this methodology to derive the SEP for
MIMO-MMSE followed by SIC. We refer to this system as
MIMO-MMSE-SIC and first investigate its performance for the
cases of no error propagation (EP). We then extend our study to
include the effects of EP.
The paper is organized as follows. In Section II, we provide the system description and the basic equations for MIMOMMSE receivers. In Section III, we give a new expression for
analyzing optimum combining of signals, and derive the SEP of
MIMO-MMSE. In Section IV, we present the performance analysis of MIMO-MMSE with SIC. Finally, in Section V, we show
some numerical results, including the comparison with simulation, and conclusions are given in Section VI.
II. SYSTEM MODEL FOR MIMO-MMSE
Throughout the paper, the superscript
denotes conjugation and transposition; vectors and matrices are indicated
and
denote the determinant of matrix
by bold,
, and
is an
matrix with elements
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Fig. 1. Baseband model of a MIMO system.

. The MIMO system investigated in this
transmitting and
receiving
work is characterized by
antennas (see Fig. 1); the original data stream is divided in
substreams, which are simultaneously transmitted by
parallel -PSK modulators. The
-dimensional signal
at the output of the receiving antennas at time can be written
as
(1)
is the mean (over fading) received energy of the signal
where
accounts for the transmitted
transmitted by each antenna,
symbols with
and
,
is
,
the additive Gaussian noise vector with
is the two-sided thermal noise power spectral density
and
channel
per antenna element. The matrix is the
matrix
(2)

where the covariance matrix

is given by1
(6)

(5)
In the following, MIMO systems with combining matrix
have refereed to as MIMO-MMSE.
containing the
After linear MMSE reception, the vector
is furlinear MMSE estimates of the transmitted symbols
ther processed by a decision device to produce the estimated
. In its simplest form, the decision device is comsymbols
posed of a bank of parallel devices, one for each component
. This can be also interpreted as a (vector) linear equalof
izer, where the aim is to reduce the “intersymbol” interference
(ISI) due to the parallel transmission of independent symbols
over the nonorthogonal radio channel, rather than the ISI among
symbols transmitted at different time epoch as in single channel
systems. More sophisticated suboptimum strategies can be designed, including successive interference cancellation that acts
in an analogous way to decision feedback equalizers, and will
be investigated in Section IV.
III. PERFORMANCE EVALUATION OF MIMO-MMSE

correwhose th column consists of the propagation vector
sponding to the th transmitting antennas. As in [1], [3]–[7],
we consider slow frequency flat fading with the elements of
, modeled as independent identically distributed (i.i.d.) circular complex-valued Gaussian random variables (r.v.’s) having
and
.
In a MIMO system based on linear combining, the received
vector
is combined with the matrix
to obtain the decision variables
(3)
minimizing the expected square-error (MMSE
The choice of
criterion) between the transmitted symbols and the decision
variables is given by the following well-known result (see, e.g.,
[17, p. 438])
(4)
. Using the hypothesis of indepenwhere
dence among transmitted symbols, we have in our case
and (4) becomes
(5)

In this section, we will derive the SEP performance of
MIMO-MMSE receiver. The crux of the derivation is to observe that MIMO-MMSE reception is equivalent to a bank of
parallel optimum combiners each with
antennas estimating
the signal transmitted by one of the antenna, and treating
antennas as interferers.
signals from other remaining
This fact, proven in Appendix A, enables us to obtain the SEP
performance of MIMO-MMSE by leveraging the analytical
framework developed for optimum combining. Recently [15],
-PSK mod[16], and [18] consider coherent detection of
receiving antennas in the
ulated signals using OC with
presence of
equal-power interferers, each with mean (over
fast fading) received energy per symbol , and thermal noise
in a flat Rayleigh-fading environment.
The SEP expressing of [16, eq. (20)] requires the evaluation
-fold integrals, with
,
of nested
. We extended this to
that it can be cumbersome for large
reduce the computational complexity, as follows.
Theorem 1: The exact SEP expression for coherent detection
receive, and
of -ary PSK with optimum combining,
equal-power co-channel interferers and thermal noise is
(7)
1We

denote by

f1g

the expectation with respect to the r.v.

X.
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where
(8)
, and

with
trix
elements given by

. The mais a Hankel matrix, with

where
is a Vandermonde matrix (see Appendix B). The
expression (13) can be simplified using the following Lemma,
whose proof is given in [9].
matrices
and
Lemma 1: Given two arbitrary
with th elements
and
, and an arbitrary
, the following identity holds:
function

(14)
(9)
, and
where
is the incomplete Gamma function.
Proof: The exact expression for the SEP of a system with
receiving antennas and
equal-power
co-channel interferers is2

where the multiple integral is over the domain
and
Using Lemma 1 with
, and

.

we get
(10)
is the error probability conditioned on a given rewhere
of the
nonzero unordered
alization
of a central Wishart matrix
eigenvalues
(see Appendix B), defined as

(15)

Finally, using the following identity:
if

(11)

if
(16)

.

where
is given by [16, eq. (18)]

(12)
and
is the joint probability density function (pdf) of
given by (50) of Appendix B.
Substituting (50) in (10), we get

(13)

and
, we obtain (7).
valid for
Theorem 1 provides a concise SEP expression and is
amenable for efficient evaluation involving only a integral
single with finite integration limit.
As shown in Appendix A, for MIMO systems we can think
of the linear MMSE combiner as equivalent to a bank of parallel optimum (or MMSE) combiners, each considering one of
the signals transmitted by an antenna as the desired signal and
as interferers, with
due to the
the remaining
assumption of uniform mean power over the transmitting antennas.
When the decision device following the linear combiner is a
bank of independent slicers, the SEP is the same for all layers
and is given by (7) together with (8) and (9). In the following,
transmitting and
the SEP of a MIMO-MMSE system with
receiving antennas is denoted as
(17)

2The

expression (10) was obtained in [16, eq. (20)] with the exception of different integration limits. This difference is due to the fact that unordered nonzero
eigenvalues of the covariance matrix ~ of [16] are used here in (10). In this
paper, the covariance matrix ~ of [16] is denoted by ~ (see Appendix A).

R

R

R

where
antenna.

is the receive symbol SNR per transmitting

ZANELLA et al.: MMSE RECEPTION AND SUCCESSIVE INTERFERENCE CANCELLATION FOR MIMO SYSTEMS WITH HIGH SPECTRAL EFFICIENCY

In the next section, the performance of various decision devices following the MMSE linear combiner is investigated.
IV. MIMO-MMSE WITH SIC
The practical receiver structure suggested originally in [3] includes a linear combiner and successive interference cancellation. Although a linear MMSE combiner is expected to perform
better than zero-forcing combiner [3]–[5], the latter is usually
investigated in the literature since it is easier to analyze. Here,
we derive simple expressions for the performance of MIMO
system with linear MMSE combiner followed by SIC and denoted by MIMO-MMSE-SIC.
We consider a low-complexity SIC algorithm in which one
of the linear MMSE combiner outputs is chosen, and the corresponding transmitted symbol is estimated by a slicer. The contribution of the signal due to this detected symbol is then reconstructed and cancelled from the received vector. This same
procedure is repeated for all remaining symbols.
We note that the performance of MIMO-MMSE-SIC can be
improved by a proper ordering of the symbols to be detected on
the basis of the instantaneous channel state; the evaluation of its
performance is beyond the scope of the current paper.
It is well known that detection with decision feedback suffers from EP, that is, the cancellation of an erroneously detected symbol increases the power of the interfering terms and
can cause significant performance degradation [19], [20]. The
same phenomenon is present in MIMO receivers employing
SIC. In the next subsections, we analyze the performance of
MIMO-MMSE-SIC for the cases of without EP (NEP) as well
as with EP.
A. Performance of MIMO-MMSE-SIC Without EP
Equation (17) provides the starting point for evaluating the
performance of MIMO-MMSE-SIC with arbitrary choice of
order in the symbol detection. Without loss of generality, in the
following it will be assumed that in the th step we detect the
th element
of
. It is easy to show that, with SIC, the
SEP can be derived by using the following:
(18)
represents the probability of making an error in the
where
, let us define
detection of the th symbol. To derive
as the received vector after the cancellation of the previously
detected
symbols, so that
.3 In the absence
of EP, we can write
(19)
where
eral

is the propagation vector corresponding to

index (k ) is omitted in the rest of the paper for brevity.

where
is the vector of the remaining
undetected
represents the
channel masymbols and
trix without the propagation vectors corresponding to the
estimated symbols. Equation (20) shows that
can be thought
of as the received vector of a MIMO-MMSE system with
receiving antennas and
transmit antennas. Hence,
is equal to
, and (18)
becomes

(21)
B. Performance of MIMO-MMSE-SIC With EP
Note that (18) holds even in the presence of EP, provided
that the probabilities
take into account the effects of EP.
Unfortunately, the determination of the exact expressions for
is difficult. Here, we present a simple approach to estimate
these probabilities, which are shown to be very accurate in the
numerical results section.
By using the total probability theorem, we can write
(22)
mutually exclusive events
, with
, regarding the
previous symbols deis the probability of making an error in
cisions.
.
the detection of the th symbol conditioned on the event
can be associated with a
-dimensional
Each event
, with element
equal to zero if the symbol at
vector
the step has been correctly detected, one otherwise. For example
represents the event that the
first symbol has been correctly detected, the second has been incorrectly detected, and so on. It is convenient for what follows
is a
-dimensional vector containing
to assume that
the binary representation of the number . To better understand
our derivation of
, let us consider a simple example
. In this case, we have two sequences
,
with
and
, associated to the events
and
, rerepresents the error probability for the
spectively.
second symbol conditioned on the event that the first symbol
has been correctly detected. Similarly
represents
the error probability for the second symbol conditioned on the
event that the first symbol has been erroneously detected. While
can be easily derived by using the results of Section
IV-A, the evaluation of
is much more involved. To
derive it, let us consider the received vector
where the

. In gen-

(20)
3The
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where
is the erroneous decision regarding . The comparison of (19) and (23) shows that the error on the previous
symbol results in an additional disturbance, which can cause
severe performance degradation. To estimate this effect, we apas a Gaussian r.v. with
and
proximate the term
, where expectations
are with respect to thermal noise, symbols, and propagation
vectors. It will be apparent in the Section V that this Gaussian
model is adequate for obtaining the SEP performance of MIMO
systems. In the high-SNR regime, most of the errors will be
is one of the neighboring symbols of . In this
such that
case,
, and hence

Now, let us consider the evaluation of
written as

. This can be
(29)

By using the well-known relation
, we obtain

(30)

(24)
We now consider the term
With these approximations,
in (23) is equivalent to the re(since one
ceived vector of a MIMO-MMSE system with
symbol has been already detected) transmitting antennas each
giving an equivalent SNR per receiving antenna equal to

: it represents
, or a correct de-

the probability of having an error

(25)

, in the detection of the
th symbol
cision
conditioned on the detection of the first
symbols. This
problem can be solved by means of the previous model used to
, giving (31), located at the bottom of the
evaluate
page. The particular structure of (31) allows us to write
as the product of
conditioned probabilities, each conditioned on the result of the detection of the previous symbols that
can be calculated by using an expression similar to (31)

(26)

(32)

and, therefore

Equation (26) can be generalized for arbitrary and
. In fact,
if the detection of the previous
symbols has caused
errors, the received vector
becomes

where

if
if
(27)
(33)
where
denotes the set of indexes of the
erroneously decided symbols. Since the transmitted symbols are statistically
and
independent, we again have
. Finally, the term
can be written
as

The final result of the previous analysis gives the performance
of MIMO-MMSE-SIC reception with the following simple expression:

(28)
(34)
where
the first

indicates the number of ones (wrong symbols) in
positions of the vector
.

Note that, for a given value of
, the number of terms
to be calculated in (34) depends only on
, and

if
(31)
if
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Fig. 2.

N

Performance of MIMO-MMSE-SIC with EP and NEP for QPSK,

= 4, and various values of N ranging from 2 to 4.
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Fig. 3. Performance of MIMO-MMSE and MIMO-MMSE-SIC as a function
= 4, and various values of
ranging from 2 to 4.
of SNR for QPSK,

N

N

it is given by

. The error probability
can be derived by using the exact formula (7) together with (8) and (9), or one of the approximate expressions
given in [16].
V. NUMERICAL RESULTS

Here, we show the comparison between MIMO-MMSE
and MIMO-MMSE-SIC based on the analytical expressions
obtained in previous sections. The performance is evaluated
in terms of SEP plotted as a function of the total SNR per
, defined
receiving antenna element and spectral efficiency
and
, respectively. To assess the
as
validity of the proposed approximate formulas, the performance
of MIMO-MMSE and MIMO-MMSE-SIC is compared with
bit-level simulations, where over 100 millions of symbols were
generated.
The effect of EP on the performance of MIMO-MMSE-SIC
, quarternary phase shift keying
is shown in Fig. 2, for
ranging from 2 to 4. The figure
(QPSK) modulation, and
shows that, for instance, the target SEP is 10 and
, the hypothesis of absence of EP gives an optimistic
estimate of the required SNR by about 3 dB. Furthermore, when
are considered, the number of cancellasmall values of
tion steps decreases and the system is less sensitive to EP. In
all the subsequent figures, EP is taken into account. As clearly
shown in the Fig. 3, MIMO-MMSE-SIC outperforms MIMOMMSE; moreover, the results confirm that our analytical results,
including the effects of EP, are in excellent agreement with simulation results.
The validity of the proposed model can also be appreciated
in Figs. 4 and 5, where the same curves of Fig. 3 are shown
is equal to 5 and 6, and different values of
are
but now
considered. Note that using a number of receiver antennas larger
than the number of transmit antennas gives a large improvement
due to the additional diversity gain available.
Fig. 6 shows the SEP as a function of the number of transmit
antennas for
and QPSK modulation different values of

Fig. 4. Performance of MIMO-MMSE and MIMO-MMSE-SIC as a function
= 5, and various values of
ranging from 2 to 5.
of SNR for QPSK,

N

N

SNR. The figure clearly shows how, as expected, increasing
degrades the SEP performance; on the other hand, increasing the
number of transmit antennas provides an improvement in terms
of spectral efficiency. In particular, if we fix the target SEP at
10 , we can achieve a spectral efficiency of 8 b/s/Hz (
and
) for values of SNR equal to 15 dB or larger.
To appreciate the exceptional spectral efficiencies provided
by these practical systems, we show in Fig. 7 the spectral efficiency of MIMO-MMSE-SIC as a function of SNR for different
and
at target SEP of 10 . Fig. 7, obtained
values of
from the analytical expressions developed in previous sections,
and including EP, shows that a spectral efficiency of 8 b/s/Hz
ancan be achieved with a SNR of about 29 dB with
.
tennas; this value is reduced to about 15 dB if
Finally, Fig. 8 is similar to Fig. 7 but with reference to the
bit-error probability (BEP), here approximated as
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Fig. 5. Performance of MIMO-MMSE and MIMO-MMSE-SIC as a function
= 6, and
equal to 2, 4, and 6.
of SNR for QPSK,

N

Fig. 6.

N

N

Performance of MIMO-MMSE-SIC as a function of

= 6, and various values of SNR ranging from 0 to 30 dB.

N

Fig. 7. Spectral efficiency of MIMO-MMSE-SIC as a function of SNR for
; N ) at target SEP of 10
.
QPSK and various values of (

N

for QPSK,

under the hypothesis of Gray coding [22], for different modureceiver antennas and a target BEP of
lation formats,
10 . Symbols on a given curve indicate the number of transmit
antennas (
ranges from 1 to 6). The crossing of the curves
there exists
in the figure shows that for a given value of
an optimum modulation format with minimum required SNR.
b/s/Hz, the minimum SNR
If we fix, for instance,
is achieved with 16-PSK and four transmit antennas; the other
modulation formats require either a larger value of SNR or provide a smaller spectral efficiency.
VI. CONCLUSION
In this paper, we have investigated the performance of high
spectral efficiency MIMO systems with -PSK signals in a flat
Rayleigh-fading environment. We first proposed a methodology

Fig. 8. Spectral efficiency of MIMO-MMSE-SIC as a function of SNR for
= 6 and various modulation formats and N at target BEP of 10 .
N

to evaluate the SEP for MIMO systems based on linear MMSE
combining. Based on this methodology, we further derived the
performance of MIMO-MMSE followed by successive interference cancellation. We then extended this to include the effect of
EP. Our results are valid for arbitrary number of transmit and receive antennas and are confirmed by Monte Carlo simulations.
APPENDIX A
EQUIVALENCE BETWEEN PARALLEL OPTIMUM
AND JOINT MMSE COMBINING
We note that the problem of detecting the th transmitted
symbol in a MIMO system, in which case all others
transmitted symbols can be thought of as interferers. Note that
all the interfering signals are characterized by a mean (over the
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fast fading) received energy per symbol equal to
. This scenario is equivalent to a multiantenna system with
receiving antennas and
interfering signals, with
a mean energy per symbol equal to
. It is well known
that, with OC, the weights that maximize the output signal-to-interference-plus-noise ratio (SINR) are given by
(35)

Since that

, we have

(42)
where we have used the fact that
. Therefore

and

where is an arbitrary constant (which does not affect the array
output SINR), is the propagation vector corresponding to ,
and
is the covariance matrix given by
with

, and

(43)

and, hence, the vector

(36)
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is proportional to

. Since

is pos-

which implies that the proportionitive definite,
ality constant is real positive.
,
If we now define
(38) can be rewritten using Theorem 2 as

Here, we prove that (5) is equivalent to (35) and, therefore, the
analytical frameworks developed in Section III can be applied
for investigating MIMO with MMSE linear reception.
in (5) that is given by
The th row of the matrix

(44)

(37)

Note that (44) is in the form (35). This establishes the equivalence between (5) and (35) and, therefore, all the results for
optimum combining aiming to maximize the SINR can be used
to investigate the MIMO-MMSE systems.

(38)

APPENDIX B
DISTRIBUTION OF THE UNORDERED EIGENVALUES OF A
WISHART MATRIX

if we consider its conjugate transpose, we get

where we used the property of the Hermitian matrices
. To show that (38) is equivalent to (35),
we need the following theorem.
Theorem 2: Let
and
be given by

(39)
and

, with
, comLet us define the
and
for
plex matrix , with
, where
is the th column vector of . If the elements
, are complex values with real and imaginary part each
of
, then the Hermibelonging to a normal distribution
is called central Wishart.
tian matrix
The distribution of the eigenvalues is studied in [22]. The joint
pdf of the (real) ordered eigenvalues
is

(40)
(45)
where

denotes the set of the

be equal to
Let and
respectively, with scalars
plex vectors

complex matrices.
and

and
and

,
. Then, the comare related as

where
is a real nonnegative number.
Proof: Note that for any given , the square matrices
and
have nonzero determinants and, hence,
and
exist. We can relate
and as
(41)

where

is a normalizing constant given by
(46)

with
(47)
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is known as hypergeometric function of Hermitian
matrix arguments, whose definition is given in [22, (88)] in
terms of series involving zonal polynomials. These polynomials
are in general very difficult to manage.
, the joint pdf of the (real) ordered eigenIn case of
of
can be written
values
as [22]

(48)

, the pdf in (48)
Denoting
can be written alternatively in terms of the Vander. Since
monde matrix
, (48) becomes

(49)
Starting from (49), the joint pdf of the unordered eigenvalues of
is easily written as

(50)
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