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Abstract—This paper characterizes the power spectral density ~ The key motivations for using UWB TH-SS radio are the
(PSD) of various time-hopping spread-spectrum (TH-SS) signaling ability to highly resolve multipath, as well as the availability
schemes in the presence of random timing jitter, which is charac- of the technology to implement and generate UWB signals with
terized typically by a discrete-time stationary random process (in- relatively low complexity. The fine delay resolution properties
dependent of the TH sequences and data sequence) with known " . . .
statistical properties. A flexible model for a general TH-SS signalis Make UWB TH-SS radio a viable candidate for communica-
proposed and a unified spectral analysis of this generalized TH-SS tions in dense multipath environments such as short-range or
signal is carried out using a systematic and tractable technique. indoor wireless communications [16]-[19]. UWB TH-SS ra-
The key idea is to express the basic baseband pulse in terms of itsdios, operating with low transmission power in an extremely
Fourier transform which allows flexibility in specifying different large transmission bandwidth, have also been under consider-

TH formats throughout the general derivation. The power spec- . o . i
trum of various TH-SS signaling schemes can then be obtained ation for future military networks because they inherently pro

as a special case of the generalized PSD results. Although general/id€ & covertness property with low probability of detection and
PSD results are first obtained for arbitrary timing jitter statistics, ~ interception (LPD/LPI) capabilities [5]-[7]. Anti-jam capability
specific results are then given for the cases of practical interest, of UWB TH-SS signals based on the signaling format proposed
namely, uniform and Gaussian distributed jitter. Applications of  in [1]-[4] have been analyzed [11], [12]. Recent efforts in re-

this unified spectral analysis includes: 1) clocked TH by a random ducing the receiver complexity [20]-[27] make us envision a
sequence; 2) framed TH by a random sequence; and 3) framed wide diffusion of the UWB-radio technology.

TH by a pseudorandom periodic sequence. Detailed descriptions ) ) . . i .
of these different TH techniques will be given where the first two ~ Since gigahertz bandwidth allocations are not available at the

techniques employ a random sequence (stochastic model) and theproposed frequencies for commercial applications, these radios

third technique employs a pseudorandom sequence (deterministic must operate under Part 15 Federal Communication Committee

model). (FCC) regulations and are treated as spurious interference to all
Index Terms—Power spectral density (PSD), spectral analysis, other systems [28]. In addition, UWB TH-SS radios operating
spread-spectrum, time-hopping, timing jitter, ultra-wide band-  gver the highly populated frequency range, must contend with
width (UWB). a variety of interfering signals and must also insure that they
do not interfere with narrowband radio as well as navigation

|. INTRODUCTION systems operating in these dedicated bands. For military UWB

TH-SS radios, the major objective is to minimize the probability

R ECENTLY, there has been an interest in ultra-wide bandz yetection and interception by the enemy. This requires trans-
 width (UWB) time-hopping spread-spectrum (TH-SSy,ting TH-SS signals with extremely low spectral content. On
multiple-access techniques for both commercial and militafis oiher hand, they must maintain the average power level re-
applications [1]-{13]. The UWB TH-SS radio communicate e for reliable communications. Al of this implies that the
with pulses of short duration, thereby spreading the energye 4 occupancy and composition of a chosen TH-SS sig-
of the radio signal very thinly over several GHz [1]-[4]. Th&,,jing technique play an important role in the design of UWB
techniques for generating UWB signals have been around il ss systems. For example, the ability of the receiver to reject
more than three decad_es [14]. A description of early work {f, o hand interference, the ability of the transmitter to avoid
this area can be found in [15]. interfering with other radio systems, and the probability of de-
tection/interception by a nonintended receiver can be estimated
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underlying data sequence has known statistical properties aeduence (deterministic model). A stochastic model is of par-
the transmitted waveform is a single known pulse shape.tigular interest in applications such as random signal detection
time-series approach to spectral analysis, usiagstochastic and/or interception, whereas a deterministic model is of interest
theory based upon time averages, provides an alternativemultiple-access applications.

technique to analyzing the spectral properties of digital signals

[34]. The duality between the two complementary theories, |l. SIGNAL MODEL AND PRELIMINARY DEFINITIONS
f;gg?;sslsﬁ r;tget?r:\}:a u;\:rgg eesniz:]nkg)lg %Zair;d[gg]r: S\f\?ﬁ :raeSttlr? e An equivalent baseband model of a generalized TH-SS signal

“fraction-of-time distribution” concept is introduced as a mearl8 the presence of timing jitter can be written as

of obtaining a probabilistic interpretation of time averages as o0
expected values or ensemble averages. s(t) = Z anw(t —nTy — b, To — T3 —€n) (1)
Evaluation of the PSD fononidealdata pulse streams, due n=—o0

for instance to implementation imperfections, is also of imere%\trherew(t) is a baseband pulse waveform, and ] and {b,}
1 n

Ongz such eggmp.Ie is_data asymmetry [36] v_vhere the rising angl arbitrary stochastic (randomly chosen) sequences. The se-
falling transition time instants are offset by fixed amounts rel%

. ) . ) uence is a deterministic periodic sequence with period
tive to the nominal ones. A complete PSD analysis for this for bl b d b

of nonideal condition was documented in [37] and [38].Anoth:?rp' The sequencec} is a discrete-time stationary random

source of imperfection is timing jitter [39] where the amou rocess representmg_hmmg jitter [40]. It 1S assumed thaf{
o . S . . {b,}, and {e¢, } are stationary and mutually independent of each
of timing shift per transmission interval is random and is typi*

: X . . er.

cally characterized by a discrete-time stationary random procg . . - . .
with known statistical properties [40]. General expressions for hE keé/ |d(|ea of th'i unified analysis is to express the basic
the PSD oM-ary digital pulse streams in the presence of timinEase and pulse wavefora(t) as

jitter were derived usingtochastic theorin [41]. The empirical oo tjonft

spectral analysis of a time-jittered pulse-amplitude modulated w(t) = / W(f)e™ =™ df (2
signal was carried out using the nonstochastic (time-series) ap- T

proach in [34]. whereW ( f) is the Fourier transform ab(¢). In this formula-

Previous work in the literature for evaluation of the PSD dfon, the TH-SS signal(¢) becomes (3), shown at the bottom of
SS signals has focused mainly ioleal direct-sequence SS sig-the page. The main advantage of this formulation can be readily
nals [42]-[46]. The PSD afleal frequency-hopped SS signalsseen from (3) in that it allows one to write the different TH se-
was derived in [43]. However, the effect of timing jitter was notjuences (whether stochastic or deterministic) as well as timing
included in these analyses. The purpose of this paper is to cljafer as a product of exponentials (phase modulations). Note
acterize the PSD of various TH-SS signaling schemes in thgo that it detaches the derivation from a specific shape of the
presence of random timing jitter, using a stochastic approaghiise waveformo(t).

Similar to [29]—[32], [41] A fleXible model fOI’ general TH-SS It is convenient to define a new Sequemy) as

signals is proposed and a unified spectral analysis of this gen-

eralized TH-SS signal (given in (1) of Section I1) is carried out Bn(y) £ a,eTI2mybn T2 gti2myenTs o +i2myen (4)
using a systematic and tractable technique. The key idea is to o

express the basic baseband pulse in terms of its Fourier trah@@ mean off, (y) is given by

form. This formulation allows flexibility in specifying different — _ _ +j2mybnTs +j2mycnTs .+j2myen

TH formats throughout the general derivation. The power spe@—"(y) =E{f.(y)} =E {a"e P eI e T (é)

trum of a variety of TH-SS signaling schemes can then be Ogﬁ the cross-covariance function of the two sequefigés)
tained as a special case of the generalized PSD results. Althou fj S

general PSD results are first obtained for arbitrary timing jitt Bm () s given by
statistics, specific results are then given for the cases of practical- 5(
interest, namely, uniform and Gaussian distributed jitter. Appli- _ _ .
cations of this unified spectral analysis includes: 1) clocked TH = E { [ﬂn(y) - ﬂn(y)] [ﬂm(z) - ﬂm(z)] } (6)
by a random sequence; 2) framed TH by a random sequence,;
and 3) framed TH by a pseudorandom periodic sequence. De-=
tailed description of these different TH techniques will be given

n;m—n,y,z)

[[E an a’:ne+] 27y (bnTo+en) o —5272(bm Tot€m) }

in Section V; however, it should be noted in passing that the _E {aneJrﬂwy(bnTﬁen)} E {ajneﬂm(meﬁem)}]
first two techniques employ a random TH sequence (stochastic ' '
model), and the third technique employs a pseudorandom TH  x et727venTs g=i2mzenTs (7)
o0
s(t) = Z an / W(y)efﬂﬂybnTQefj%ychsefj%ryen6*j27rynT16+j27Tytdy. (3)
n=-—oo Y
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Since the sequences.{}, { b,.}, and {¢,,} are mutually inde- odic sequenced,} with period NS, Kg(n;!,y, z) is periodic in
pendent, the mean and cross-covariance become n with period V.1 Using this periodic property, the covariance
= i2myen T function ofs(¢) Is derived in Appendix | as shown in (12), at the
_ +i2nycn T
Bn(y) = E{an} @y, (yT2)®., (y)e ’ ®)  pottom of the page, whergt) is the mean of(t) andép(-) is
and the Dirac delta function [49].
The product of(¢) and its time-displaced versiGh(t+7) is
also of interest in calculating the PSD of TH-SS signals, and is
=|Ru(nsm — n)®y, b, (yTo, —2T2)®.. . (y,—7) given by (13), shown at the bottom of the page. For deterministic

periodic sequence, } with period N, ,,(y) in (5) is periodic

Kg(n;m —n,y, z)

[ox)

. in n with period V7. Using this periodic property, the product in
= Tnly, P, (y12) P, (4) P, (=2T2)Pe,, (—2) (13) is calculated in Appendix Il as shown in (14), at the bottom
X e+j27rych36—j27rzcmT3 (9) of the page.
respectively, where Ill. PSD OF GENERALIZED TH-SS SGNALS

By b (y,2) = E {6j2,r(ybn+zbm)} WITH ARBITRARY JITTER
nsOm \J7 -

) In general, the PSI3;(f) of the generalized TH-SS signal
O, . (y,2)=E {eﬂ”(y““”‘)} s(t) consists of continuous, as well as discrete components [29],
By, (y) = E {2700 ) [30], namelyS<(f) andS4(f), respectively.
b \Y Irrespective of the properties of the sequencest{{ b..},
and {c.}, and {¢,}, the generalized TH-SS signa(t) is itself wide-
®., (y) = E{e/>¥}. sense cyclostationary sindé;(¢; 7) is, in addition to being a

. .__function ofr, a periodic function of. Therefore, the continuous
The functionsa,, and R,(n;!) are the mean and correlation T.ap

function of the sequencei,} given by spectrum ofs({) is

an, 2 [E{an} (10) S;(f) = -7:7'{<Ks(t;7—)>t} (15)

and 1The kind of stationarity conditions required for the sequencg}{{ 5.},
A " and {¢,,}, to obtain K's(n, m — n, y, z) periodic inn can be relaxed. In fact,
R.(n;1) = E {anam—l} . (11)  sufficient conditions are that the sequence, ] is wide-sense stationary and

. . . the sequencesh{ }, and {e,,} are second-order stationary in tis&rict sense
Letting/ = m — n, it can be shown that, for the stationary stopefinitions for different kinds of stationarity can be found in [35], [47], and

chastic sequences{}, { b}, and {¢, }, and deterministic peri- [48].

Kot 7) = E{[s(t) =5(t)] [s(t + 7) = 5(t + 7)]"}

1%7%4 W +j272lTy 5 ( . )

NE¢—1
12 . . .
% - Z Kg(n, l, —y, _2)67]27r(y7z)nT1 6+]27r(y7z)t87127rz‘rdydz (12)
NpTl =
s(t)s*(t+71) = Z Z E{anw(t —nTy — by, To — cyTs — ) }E{af,w*(t + 7 — mTy — by To — ¢y T3 — €m)} (13)

Ng-1
. 1l & k — — k
5(t)5*(t+ 1) N Z w <NCT1> Z G, < NeT,
k=—o0 p n=0 p
o0 ;_1

1 l —x l ' c
> w* ([ — e—j27r(l/Np)m
NgTy ZZ < N;T1> mZ::O P <N;T1>

) e—j27‘r(k/N;)n

. k41 . l
X exp{ +J27r<N}§Tl>t}exp{ +j27 <NI§T1> T} (14)
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where(-); denotes time average, afid {-} denotes the Fourier

transform operator with respect to the variableFor the sta-
tionary stochastic sequences,{, { b,.},{ €»}, and deterministic
periodic sequencecf,} with period N3, S(f) is calculated
in Appendix Il as

SE(f) = Su(£)Sa(f) (16)
where
Sulf) = 72 WP (17)

1667

IV. PSD oF GENERALIZED TH-SS SGNALS WITH SPECIFIC
TIMING JITTER STATISTICS

The results obtained in Section Ill are general and apply to
arbitrary stationary timing jitter statistics. In this section, the
expressions for the PSD are evaluated for two specific cases
of practical interest, namely uniform distributed timing jitter
(UDTJ) and Gaussian distributed timing jitter (GDTJ).

A. Uniform Distributed Timing Jitter

In this section, the PSD of the generalized TH-SS signal in the
presence of UDTJ is considered. Specificalky, {is modeled

is the (normalized) energy spectral density of the pulse shape, sequence of independent identically distributed (i.i.d.) uni-

w(t) and
o ) Ne-1
SsH = [ = > K@(n;l,f,f)] eI (18)
l=—00 P n=0

The functionK g(n; 1, f, f) is the covariance function of the

new sequencg,(f) and is given by

Kg(nil, f. f)
= E{[8u() = BulD)] Bt () = Bua(N) "}

= [R,,,(n; l)q)bmbn+l (fT27 _fTQ)(DFn,FnH (f/ _f)

(19)

—anazﬂcbbﬂ(fza)@en<f><1>bn+,(—fn)«pe,ﬁ,(—f)}

% e+j27rf(Cn—Cn,+l)T3. (20)

The functionSs(f) can be interpreted conveniently as the con-
tinuous spectrum of theequivalentstationary sequence,” that
is, the periodicity (with periodVy) of the “covariance” function

due to the periodic behavior of the deterministig,) is aver-
aged out before the discrete Fourier transform operation.
The discrete PSD is found from

SU(f) = Fr {55 (¢ +7),}-

For the stationary stochastic sequences}{{ b.}, { €.}, and
deterministic periodic sequence,{ with period N¢, S4(f) is
calculated in Appendix IV as

(21)

form random variables with probability density function (pdf)

LA r <A
fm@c):{@’ Lo (24)

otherwise

whereA = A,—Aj. Note that, in generad,, has nonzero mean

and, thus, this model includes thsymmetrypf the timing jitter.
It is easy to show that

& (f) = {Slzf;i?)} o FI2TF((A2+A1)/2) (25)
and
1 1=0
(Den,6n+l (f7 _f) = { [SIEE;Q?)] 2 . L#£0. (26)

Therefore, from (20) see (27), shown at the bottom of the page
and from (8)

Bn(f) = @y, (fT2) eFI2mIenTs

SI(TSA)] jomp((aatan)/2)
Reruk - @
Finally, substituting (27) and (28) into (18) and (23), re-
spectively, and using (16), (17), and (22) of Section lll, the
continuous and discrete PSD components of a generalized
TH-SS signal in the presence of i.i.d. UDTJ (asymmetric or
symmetric) over the intervah becomes (29) and (30), shown

at the bottom of the next page, respectively. Note that (29) and
(30) only depend on the interval), of the timing jitter and,
thus, are independent of the jitter asymmetry.

g 1 B. Gaussian Distributed Timing Jitter
()= (NgTy)? In this section, the PSD of the generalized TH-SS signal in the
oo I 2 l 2 I presence of GDTJ is considered. Specificalky, Xis modeled
X l;oo ’W <NI§T1> Gg (W> oD (f - N5T1> as a sequence of i.i.d. Gaijssian ranoiom vzariables with pdf
(22) fe(z) = \/ﬁAe_(H) /(2a%) (31)
where In generalg # 0 and it is important to point out again that this
N1 model includes thasymmetryof the timing jitter. It is easy to
LA . verify that
Gs(f) = (el T 23 , .
s(f) ;::0 Fn(f) (23) o (f) = e+{](277f9)—(1/2)(277fA) } (32)
. 2
Ra(n;0) — [@n 2|, (FT2)[* | 5552 | =
Kpa(n;l, f, f) = 7] (27)

. . 2
[Ra(03)@, 1., (T3, = fT2) = Gy | @y, (FT2)[2] e¥i2nd enmensTs [SRELDNT 2

(rfA)
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and V. APPLICATIONS
A. Clocked TH by a Random Sequence
Pe e (fi—f) = { i’,(%m)z 5 ; 8 (33) Consider a digitally controlled TH-SS signal which produces

random transmissions at multiples of the basic clock pefiod

Therefore, from (20), see (34), shown at the bottom of the pa§BiS Signaling technique, known as clocked TH by a random
and from (8) Sequence (CTHRS), can be modeled as

B.(f) = Gn®, (fT2)e+j2ﬂ-fch3e+{j(277f6)—(1/2)(277fA)2}. scrurs(t) = Z anw(t — T, — €,) (38)
Finally, substituting (34) and (35) into (18) and (23), respeesvhere {u,,} is an i.i.d. random sequence. Typically;.{} is an

tively, and using (16), (17), and (22) of Section lll, give the dgunbalanced or balanced) binary sequence with
sired results as shown in (36) and (37), shown at the bottom of
the next page, respectively. Equations (36) and (37) are the con- Pr{a,} = { b
tinuous and discrete PSD components of a generalized TH-SS I=p
signal |n_th_e presence of i.i.d. GDTJ with meérand stan- Note that scrars(¢) can be obtained from the generalized
dard deviationA. Note that, as for the UDTJ case, (36) ang.gg signals(¢) of (1) by setting
(37) are independent éfand, thus, are independent of the jitter

a, =1
a, = 0.

(39)

asymmetry. T, =T.
T, =0 or b,=0
C. Limiting Cases T3=0 or ¢,=0.
The limiting case of\; — As or A — 0 for both UDTJand It can be shown thatd, } has correlation function
GDTJ implies constant clock delay with no timing jitter. There- p, 1=0
fore, the PSD expressions of an ideal synchronous generalized R.(l) = {p’z 1£0 (40)
TH-SS signal can be obtained from (29) and (30) (for UDTJ), ’
or (36) and (37) (for GDTJ) by settindg; — Ay or A — 0. and mearz = p.
1 el in(rfA)]?
c 2 _ 2 o | sin(m
= e a 5 — |Un (I)) T T AN
S0 =7 W) {NS 3 | o) i, (70 | 5 }
1 1 Ngfl
—I-?l W {Z [ﬁ Z [Ra(n; D)@y, 1,1, (fT2,— fT2) =0y, 41| P, (fT2)]7] €+j2ﬁf(c”_c”*’)T3} e_jzwflTl}
120 L7'P n=0
sin(rfA)]?
<o) @9
2
Sd(f) _ 1 i 174 l ? ‘z: T ®y 1Ty e1327(ITs /(NyT1))en o +527(In/ Ny)
: (N<T)? NeT, mEn \ NeTy
P I=—c0 p n=0 P
2
Sin(wﬁA) l
8 [ (r25) P (f - Ngﬂ) (30)
Ra(n; 0) — [@, 2| @y, (fT2)[Pe= /27, l=0
Ko(nil, f,f) = § [Ra(n; D@, b, ([T, — FT2) — Gntitsy ;| P, (f12)]] (34)

Xe+j277f(cn—cn+l)T3 e—(ZTfA)27 l ?é 0
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For an independent stationary stochastic sequengg { and

can be shown using (20) and (8) that 4 p?
) 5 SCTHRS(f) = ﬁ
Ka(n;l, f, f) = {g —r 2 (NI ;; 8 (41) 2 [sin(rLA) 2 !
’ X W( > [—T 6D<f——>. (46)
and I—Z:oo (W%) Tc
— B The results for GDTJ can also be obtained similarly by sub-
Bu(F) =p ®e, (). (42)  stituting (32) into (43) and (44) as
Since {e,,} is stationary,Ks(n; 1, f, f) andj,,(f) are indepen- c _ 1 2 _(2nfA)?
dent ofn, or equivalently the periods df 5(n; -, -, -) andj3,,(-) Scrmrs(f) = T. wHI* {p pe } (47)

are one. and
Finally, substituting (41) and (42) into (18) and (23), respec- )
tively, and using (16), (17), and (22) of Section IIl, gives tthTHRS(f) P

desired results 1z
2 l
c 1 o= (2(18/T0)) _
Seruns(D = 7= WP {p-p* 10 (NP} @3) Z W o\f-g ) ¢8
T c
and Note that, both the UDTJ and GDTJ models includeakgm-
2 metryof the timing jitter; however, the PSD results for CTHRS
S&rurs(f) = % signals are independent of the jitter asymmetry as was the case

5 for the PSD results for the generalized TH-SS signals derived in

l l Section IV.

P, | = —— 1. (44 . . . .

§ (TC) b (f Tc> (44) As pointed out in Section IV-C, the PSD results of an ideal
CTHRS signal (in the absence of timing jitter) can be obtained

Equations (43) and (44) are the continuous and discrete PBPsettingA; — A, or A — 0 as

components of a CTHRS signal in the presence of arbitrary sta-

<=z

l=—00

tionary timing jitter statistics. It can be seen that a CTHRS re- S&rurs(f) = Ti W (f)]? {p—p*} (49)
moves a portion of the 5|gnal s power, namely the amount given ¢
(P?/Te) [22 W (F)* |@e, (f)|? df, and converts it into the and
set of spectral Ilnes (indicated by the delta functions) which » I\ % I
occur at multiples of the clock frequendy.. Serurs(f) = T2 > ‘W (T) oD (f - ?> . (50)
The results for UDTJ can now be obtained easily by substi- € l=—0c0 ¢ ¢
tuting (25) into (43) and (44) as As a check, the results in (49) and (50) agree with those in

) 9 [29, p. 64, eq. (2.59)] by letting:1 (f) = W(f) andS2(f) =0
Srmns(f) = 1 |W(f)|2 — 2 [Sln(”fA)} (45) in the latter. Consider a purely periodic transmission with one
(mfA) pulse everyl. secondsy{ = 1), i.e., a dc-biased square wave. It

C

N¢-1
s(f) =Ti1|w<f>|2{$ > [Ra(ni0) - |an|2|«1>b,,(fT2>|2e—<2’ffA>2}}

P n=0
NS-1
1 1 - 7 —c —j27
+T1 |W(f)|2{z [N“ Z [Ra(n; D)@y, b, ., (fT2, — fT2) — Gnttr | @y, (f12)]°] etizmf(en ”“)T3] e™9? flTl}
1#£0 P n=0
x ¢~ (2mfA)’ (36)

s T ’
Z Dy, <—2> e+j2W(lT3/(N;T1))011e+j27r(ln/N;)
n=0

1 — l
0= 2 | ()

« o—(2mIA /(ST g (f_ ll) (37)
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can be seen from (49) and (50) that, when the timing jitter is ab-For independent stationary stochastic sequenég} énd
sent, the continuous spectrum disappears and the spectrum §ep}, it can be shown using (20) and (8) that
tains only spectral lines spacedlatl. as expected. When the

timing jitter is present, however, the continuous spectrum st{ﬁﬁ(n; LD )

exists in (43). Therefore, timing jitter “helps” from the view- _ Npt +j(2nfmT.) 2 o
point of smoothing the spectrum. =t mZ::O Pm¢ [@e. (NI 1=0 " (57)
1#0
B. Framed TH by a Random Sequence and
Some TH systems may require somewhat regular spacing Ni—1
between pulses, in addition to clocked time locations. This B.(f) = Z pme+j(27rfmTc)(D6n(f). (58)

signaling technique is referred to as framed TH by a random

sequence (FTHRS). The FTHRS signaltprs(¢) can be _
written as Since the sequencés, } and{e,, } are stationaryi{ s(n; {, f, f)

- andj,,(f) are independent of, or equivalently the periods of
_ Kgs(n;-,-,-) andj,,(-) are one.
t) = t—nTy —b,T. — €p 51 BTV 570 ) n . .
sernrs(f) Z w(t = nTi n) 1) Substituting (57) and (58) into (18) and (23), respectively,
_ . o and using (16), (17), and (22) of Section I, the continuous and
Whef'eTf Isa frame time or average pulse repetition time, anflscrete PSD components of a FTHRS signal in the presence of
{b.}is aninteger-valued i.i.d. random TH sequence with  arbitrary stationary timing jitter statistics become

m=0

n=—oo

_ _pm, 0<m < Ny S¢ :iW 2
Prit, —m) = { b7 Onmiea(62) Strus(h) =7 W)
Nu-1 2
The values of the sequence elements are in the range y {1 _ }2: PmeHHETIMI)| | (f)|2} (59)
0<b, <Ny (53) m=0

and (60), shown at the bottom of the page. Note that FTHRS,
characterized byy,,, }, removes the power from the continuous
spectrum by the amount

such that
Nth S Tf- (54)

00 Ny -1 2
As indicated above, the numbai, of possible hop times can (1/Tf)/ W (f)]? Z pme T CTIMION (B ()| df.
be any number from 1 (a regular pulse train with pulses spaced —00 m=0

T; apart), toT;/T. (one pulse at any randomly selected clockhs however, reappears in the discrete spectrum as expected.
time within each frame off; seconds), the latter resembllngRougmy speaking, the framing condition causes “energy

pulse position modulation (PPM). The signalrurs(f) can  transfer” from the continuous PSD to spectral link&L; apart)
be obtained from the generalized TH-SS sig#@) of (1) by i the discrete PSD.

setting The results for UDTJ can now be obtained by substituting
o =1 (25) into (59) and (60) as
n . 1

T =1% Strurs(f) = T |W(f>|2

T2 —Tc Nn—1 2 . ( fA) 2

T3=0 or ¢,=0. «d1_ +i(2mfmTe) [SIHL]

Pme (61)
o b-[E L
It is easy to verify that

and (62), shown at the bottom of the next page. The results for

]\Th—l . . . . . .
(9 fm GDTJ can also be obtained similarly by substituting (32) into
o, (f) = 3 pmet T %) (59) and (60) as " 962
m=0
c 1
and Strurs(f) = Tf |W(f>|2
1./ l = 0 Nh—1 2
' — 2 (27 fm —(2= 2
q)bn,bn-)-l(f7_f) = { A}i:lpme+j(27rfm) , l;é 0. (56) X {1 - Z pme+1(2 fmTe) € (2mfA) } (63)
m=0 m=0

2 |[Nn—1

' ’ I\ l
> pet CrUTm ) g () s (- o (60)
m=0 Tf Tf

= l
SgTHRS(f) = % Z w <ﬁ>

£ 2

— 00
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and (64), shown at the bottom of the page. The signalsrrupps(¢) can be obtained from the generalized
The PSD results of an ideal FTHRS signal (in the absenceT™f-SS signals(¢) of (1) by setting
timing jitter) become

a, =1
Nu—1 ? T =T,
c 1 2 (27 fm 1 —4f
Strars(f) = T W ()l {1 - Z Ppre I CTImTE) } T,=0 or b, =0
m=0
(65) T3 :TC'

and (66), shown at the bottom of the page. Therefore, from (20)

1— 2., (f)?, 1=0
C. Framed TH by a Pseudorandom Periodic Sequence Kp(n:l, f, f) = {0 . (OI 140 (69)

For multiple-access applications, the TH sequence is pro-
vided to transmitter and receiver with a previously agreed up8Rd from (8)
sequence. This can be best described by a deterministic model —  jomfenT.
known as framed TH by a pseudorandom periodic sequence Bulf)=e e, (f).

(FTHPPS). This signalrrupps (*) can be written as Note thatK s(n; 1, f, f) is independent ok, but3,,(-) is peri-
0o odic with periodNy.
srrapps(t) = Z w(t —nT — e, Te — €) (67) For arbitrary timing statistics, the PSD components becomes

(70)

n=—oo

c _ 1 2 2
where {c,,} is a pseudorandomly generated periodic sequence, Serupps(f) = T: W) {1 =12, (f)] }
with integer values in the range

(71)

and (72), shown at the bottom of the page. In the case of UDTJ,

0<ec, < Ny. (68) simple substitution shows that
The period of this pseudorandom sequence is denoted bySC (f) = 1 |W(f)|2 1— sin(mfA) ? (73)
N¢ and, therefore, the peridfic of the transmitted signal is FTHPPSL) = 1y (TfA)
Ty = NjT:. Note that the selection of the transmission time
in each frame is deterministic. and (74), shown at the bottom of the next page.
1 & AVEESS [sin(r£A)]° [
d - - +i@r(l/TymTe)| |2 Te =/ - 2
Strurs(f) 77 lgoo ‘W (Tf> P DPme [ (W%) oD <f Tf) (62)
1 & YRR ’ !
Sd — 1% <_> me+j(27r(l/Tf)mTC) e—(27‘r(lA/Tf))26 < _ _) 64
Frurs(f) ng l=§—:oo T; mzz:o p p|f T; (64)
1 & AV R ’ !
g _ 1 - <_> - ies/TmT)| < _ _> 66
Frurs(f) sz lzz—:oo’ Te mz::() p p|f T; (66)

2

9 [Ng—1
Z e+j27r(lc,,,TC/(N]§Tf))e+j277(ln/N;)
n=0

o (<L 6o (-t
en ngTf b NLng

d _ 1 c- !
Serupps(f) = (N<Tr)2 ZZOO w N<T;
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In the case of GDTJ latter being TH sequence dependent. Note that wihers

c _ 1 N2 —(2nfA)? an integer multiple off,, C(f) is periodic in f with period
Serneps(f) = 7 [W(/)| {1 - } (75) 1/T.. This implies that, attempts to influence (or shape) one
and (76), shown at the bottom of the page. In the absencepgrtion of the frequency spectrum by sequence design will

timing jitter, the PSD components become have an effect on another portion of the spectrum. There may
ge _ 77 be an opportunity to mak€'(f) better than approximately
rrapes(f) =0 (77) flat as a function of frequency, e.g., maké f) ~ 1/|W(f)|?
and (78), shown at the bottom of the page. Note again thattimioger a specified interval.
jitter “helps” in smoothing the spectrum. There may be some lines in the PSD which cannot be reduced
by clever design of TH sequences. For example, suppose that
. COMMENTS ON TH SEQUENCEDESIGN T:/T. = m’/n’, wherem’ andn’ are relatively prime integers.

NC)2 for all frequencied that are integer mul-
Typ|cal sequence designs are based on the PSD of an i -Q% , = (
FTHPPS signal, which can be rewritten as ({ es ofn /TC, and lines existibrrupps(f) at _these frequen-

) cies. The heights of these spectral lines are independent of the

IS _ 2 TH sequence and can only be influenced by the energy spectrum
Friees(f) (N5Tt)? Wil |W (£)|? of the basic baseband pulse waveform.
Ni-1 2
Z oTi2nf(nTi+e, o) Z 6p <f _ NC ) . (79) -VII. CONCLUSION - -
k=—oc General expressions for the PSD of a variety of TH-SS sig-

> - d naling schemes in the presence of arbitrary timing jitter are de-
:c(f) rived usingstochastic theoryA flexible model for a general

Note that the delta functions which compose the line spectreH-SS signal is proposed and a unified spectral analysis of this
density are separated by the reciprocal of one perf@@s7;) generalized TH-SS signal is carried out using a systematic and
of the pseudorandomly time-hopped signal. For lakgethese tractable technique. The power spectrum of a variety of TH-SS
spectral line spacing are small providing an opportunity tignaling schemes can then be obtained as a special case of
spread the power more evenly across the transmission bati@- generalized PSD results. Although general PSD results are
width and/or to minimize the amount of power residing in anfirst obtained for arbitrary timing jitter statistics, specific results
single spectral line. The addition of nontrivial data modulatioare then given for the cases of practical interest, namely, uni-
or the presence of timing jitter on the signal will further smootform and Gaussian distributed jitter. The results show that the
this line spectral density as a function of frequency. asymmetnpf the timing jitter doesot affect the PSD, and that

The envelope of the lines in the spectral density has twioing jitter “helps” in smoothing the line spectrum. Applica-
frequency-dependent factors, naméiy (f)|> and C(f), the tions of this unified spectral analysis includes: 1) clocked TH

NE¢—-1
2 (7'p
Z e+j27r(lchC/(N;Tf))e+j27r(ln/N;)

1 l
d — E W —
SFTHPPS(f) - (N;Tf)Q = ‘ < M};‘,’lf)

sin(w chf) 2
e

N<Ty

2 |Np—t
§ e+j27‘r(l(',,,TC/(N;Tf))e+j277(ln/]\r}§)
n=0

Struees(f) = Gy z\ (3ez)

w ¢~ (2701A/N;T)) 5 (f _ N£T> (76)
ptf

2 |Np—1
+j2m(lenTe /(N Ty)) ,+52m(In/Ny) _ 78
> e w(r-5i) 09

| & b
Serapps(f) = (NSTf)2 l;oo w NIETf
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by a random sequence; 2) framed TH by a random sequendsing the Poisson sum formula
and 3) framed TH by a pseudorandom periodic sequence. The

PSD of an ideal synchronous TH-SS signal is shown to be a _jomenT k
special case of the results obtained in this paper, and can be ob- Yo e =7 > bpla- T (83)
tained as a limiting case when the timing jitter goes to zero (i.e., n=Tee k=—co

Al — Az orA — 0)
and substituting (82) in (81) gives (84), shown at the bottom of
APPENDIX | the page.
COVARIANCE FUNCTION OF THE GENERALIZED
TH-SS SGNAL s(t)

The covariance function of the generalized TH-SS signal
s(t), is given by (80), shown at the bottom of the page. In terms

of the Fourier transform ofu(t), (80) becomes the second Tq product(t)s*(t + 7) is evaluated as shown in the first
equation shown at the bottom of the page. _ equation at the bottom of the next page.
The covariance functio,(¢; 7) can be rewritten as (81), |n terms of the definition given in (5)5(t)s*(t + 7)

shown at the bottom of the page. Sirf€g(n; [, y, z) is periodic  pecomes
in n with period Ny, it is easy to show that

APPENDIX Il
EVALUATION OF THE PRODUCT5(¢)s*(t + 7)

I —j2w(y—z)nTy __ > _ . .
_2_: Kﬂ(":h Y, z)e Jemty = —( )_*(t + T) _ Z / ( )/Bn(_y) e—ﬂﬂynTleﬂZfrytdy
Nrifl —ee Y
Z Kﬂ(n, l, —y, — ) —j2n(y—z)nTy Z 6—1277 y— Z)lN T1 X Z / W* ) +72mzmT, e—j27rzte—j27rz‘rdz.
n=0 1=—00 m=—oo
(82) (85)
Ks(t;T)Z[E{ J[s(t+7) =5(t+7)]"}

Z Z E{ana,,w(t —nTy —b,To — ¢, T3 — €x)w* (t + 7 — mT1 — by To — ¢T3 — €m) }

n=—oo0 m=—0o0

— Efa,w(t —nTy —b,To — cyT5 —e,) }E{alr, w*(t + 7 —mTy — b, To — T3 — €m) } (80)

s(t;7) Z Z //[ anal,e 12Ty (bnToten) o +i2mz(bm T2+em)} [E{ane—ﬂwy(b,,TQJren)}[E{a:ne+j2m(b,,,T2+e,,,,)}]

n=—oo Mm=—00

x e—]27‘rycn Ts e+]27rzcmT3 W(y)W* (Z)e—]ZWynTl e+]27rzmT1 e—‘,—]?ﬁ(y—z)te—]?ﬁz‘rdydz

oo (oo}

Z Z //KH nim —n, — _Z)W(y)W*(z)eijﬂFynTle+j27rzmT1e+j27r(y7z)t67j27rzrdydz (81)

n=—oo0 m=—00

T Ly S —y
ptl

l=—o00 k=—o0
1 N;—l
> - Z Kg(’n I _y7_Z)eijﬂF(yfz)nTle+j27r(y7z)tefj27rz‘rdydz (84)
N5Ty =
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Sincef,, (y) is periodic inn with period Ng. Therefore APPENDIX Il

DERIVATION OF THE CONTINUOUS PSD

X _ r— The continuous PSD of(¢) is given by (88), shown at the
Z Bu(=y)e bottom of the page. For a real pulse wavefantt), |W (f)| =

’]:]::10" |W(-£)|, and note that
— ao(_ —j2mynTy —Jj2myiNg Ty NST, /2
n—0 Pul=v)e i:z_:ooe <ej27rk/(N;T1)t> :L/ w11/ o32mk/(NSTL)E gy
NS—1 NgT1 J_Nery /2
" 5 —j . k k=0
_ /Bn —)e j2rynTy _ — 6 < _ > _ 17 =
7;) v NgTy kzz_oo P\ 0, k0. (89)
86
(86) Therefore
S5(f) = = W)
where the second equality follows from the Poisson sum for- Ty
mula of (83). Substituting (86) into (85) and integrating over oo Np-1 '
variablesy andz yields, after simplifications as shown in (87), x Y Z Ka(n,1, f, f)| e792=F1Tr . (90)
at the bottom of the page. l=—oo Ny n=0

oo

g(t)g*(t + 7_) _ Z /W(y)E {ane—j%'ry(bnTz-l—en)} e—j27rych3e—j27rynT1 e+j27rytdy

n=—oo"Y

% Z /W* e+j27‘rz(b,,,,T2+em)} e+j27rzcmT3 e+j27rz’mT1e—j27‘rzte—j27rz‘rd2,
N;—l i
t n _ 7j27r(k/N£)n
SWF (4 7) = NvT (NT)z:jﬂ( N;Tl)e
- Lo e !
x w (- 3 —j2r(/NS)m
NsTy l;oo ( N;T1> mZ:O P <N;T1) N

k+1 l
X exp{ +j27r<NjT1>t}eXp{ + j2m <NCT1> T} (87)
p p

SS(f) = Fr {(K.(t:7)) }_Z//WUW* T

l=—o00
.- k e

> 5p <U S - ) - KB(”; 17 —y, —Z) e—j27r(y—z)nT1 <e+j21'r(y—z)t> ]:-{e—j27rz‘r} d’(de

kzz_oo NﬁTl NﬁTl HZ:[) S——

=bn(f+2)
oo 0o 1 NC 1
_ 1774 W*(— —j2m fITy K L —]27r(k/]\rf)n< +j27rk/(N;T1)t>

l;,ok:z_oo . f+NCT1) (h)e NeTy Z plnil, = Nc o) ¢

(88)
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SA(f) =F- GO (t+ 1))}

1675

N¢—1
1 > k SR k , .
= > W( > > B <——> e~ 92m(k/Np)n
NsTy | & NTy) & NSTy
0o N1§—1
1 l e

N § IR UAN § B

NmeCTl = < NIST1> = Prm (N;Tl

> o—32m(l/N)m <e+j27r((k+l)/(NI§Tl))t>

7. {e+j27rl/(Nl§T1)‘r}

[\ J

=bép(f—1/(NgT1))

c
oo

1
Sg(f)—wlz

l
w
’ <NST1>

2 1>71
>
n=0

l , c l
_ ) gi2w(l/No)n _
N;T1> € oo <f N;T1>

2

(91)

APPENDIX IV [12]

VIII. D ERIVATION OF DISCRETEPSD [13]

The discrete PSD of{t) is given by the first equation shown
at the top of the page. Using (89), the above expression reducgg]
to (91), shown at the top of the page.

(5]
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